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We study the modulation of fast magnetosonic waves (MSWs) in rotating inhomogeneous low-3
magnetoplasmas with the effects of gravitation and the Coriolis force. By employing the standard
multiple-scale reductive perturbation technique (RPT), we derive a nonlinear Schrédinger (NLS)
equation that governs the evolution of slowly varying MSW envelopes. The fast MSW becomes
dispersive by the effects of the Coriolis force in the fluid motion, and the magnetic field and density
inhomogeneity effects favor the Jeans instability in self-gravitating plasmas in a larger domain of
the wave number (k, below the Jeans critical wave number, k) than homogeneous plasmas. The
relative influence of the Jeans frequency (w., associated with the gravitational force) and the angular
frequency (Qo, relating to the Coriolis force) on the Jeans carrier MSW mode and the modulational
instability (MI) of the MSW envelope is studied. We show that the MSW envelope (corresponding
to the unstable carrier Jeans mode with wy > 2Qo and k < kj) is always unstable against the
plane wave perturbation with no cut-offs for growth rates. In contrast, the stable Jeans mode with
wy > 2Q0 but k£ > k; manifests either modulational stability or MI having a finite growth rate
before being cut off. We find an enhancement of the MI growth rate by the influence of magnetic
field or density inhomogeneity. The case with constant gravity force (other than the self-gravity)
perpendicular to the magnetic field is also briefly discussed to show that the fast magnetosonic
carrier mode is always unstable, giving MI of slowly varying envelopes with no cut-offs for the
growth rates. Possible applications of MI in solar plasmas, such as those in the X-ray corona, are

also briefly discussed.

I. INTRODUCTION

One-fluid magnetohydrodynamics deals with a com-
pressible conducting fluid immersed in a magnetic field
and it is often regarded as a reasonable description of
the large-scale dynamics of a plasma. Magnetohydrody-
namic (MHD) waves are generally described applying this
theory and represent one of the macroscopic processes
responsible for the transformation of energy and infor-
mation in plasmas. The theory of MHD waves in an infi-
nite conducting medium was first developed by Alfvén [I]
with its application to sunspots, coronal heating, particle
acceleration, and generation of cosmic radiation. Since
then, the study of nonlinear MHD waves in plasma has
been one of the most popular research topics among re-
searchers, given its remarkable application and progress
in laboratory experiments and techniques as well as var-
ious space and astrophysical plasma environments like
pulsar magnetosphere, magnetars, solar corona, etc.

Magnetosonic waves (MSWs) are one of the fundamen-
tal MHD wave modes in plasmas, which propagate nearly
perpendicular to the background magnetic field and are
often observed in laboratory plasmas [2], earth magneto-
sphere [3H7], and solar wind plasmas [8], etc. These waves
are of great interest because of their important roles in
plasma heating [9] and charged particle acceleration [10].
Several authors have investigated the characteristics of
MSW waves in different space and astrophysical plasma
environments. To mention a few, Marklund et al. [I1]
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studied the magnetosonic solitons in a quantum magne-
toplasma, including the quantum Bohm potential and
electron spin-1/2 effects using the Sagdeev potential ap-
proach. Haas and Mahmood [12] analyzed the propaga-
tion of linear and weakly nonlinear magnetosonic waves
in a plasma with arbitrary degeneracy of electrons and
with the inclusion of Bohm diffraction effects. Nonlin-
ear properties of fast MSWs in dense dissipative plas-
mas with degenerate electrons were studied theoretically
by Masood et al. [13] by deriving the Zabolotskaya-
Khokhlov (ZK) equation for small but finite amplitude
excitations. Hussain and Mahmood [I4] investigated the
nonlinear propagation of MSWs and showed that these
waves may evolve into shock-like structures that may be
responsible for heating the solar chromosphere and the
solar corona.

The modulational instability (MI) of nonlinear waves
in dispersive or diffractive media has been known to be
one of the most important mechanisms of energy local-
ization via the formation of different localized coherent
structures like envelope solitons [I5], envelope shocks
[16], freak wave (or rouge waves) [I7, 18], giant waves
[19], etc., as well as the transfer of energy between waves
and particles, leading to particle heating, e.g., heating of
coronal loops [20]. In this context, Watanabe [2I] first
experimentally observed the MI of nonlinear wave en-
velopes in dispersive media in 1977. Subsequently, the
investigations of MI and associated nonlinear structures
have gained significant attention among researchers, and
a large number of theoretical and experimental investi-
gations on MI of electrostatic and electromagnetic waves
have been done to explain the effects of different phys-
ical parameters in various space and astrophysical plas-
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mas [22H25]. For example, Sahyouni et al. [26] studied
the amplitude modulation of fast magnetosonic surface
waves in solar flux tubes and showed that the fast wave-
envelope admits dark envelope solitons solution and dis-
cussed the possibility of the existence of solitary waves
in the solar atmosphere. Sakai [27] examined the MI of
fast MSWs theoretically and discussed its applications
to solar plasmas. Misra and Shukla [28] studied the MI
of magnetosonic waves using a two-fluid quantum mag-
netohydrodynamic model that includes the effects of the
electron-1/2 spin and the plasma resistivity. Panwar et
al. have investigated the MI and associated rogue-wave
structures of slow magnetosonic perturbations in a Hall-
MHD plasma [29]. Wang et al. have studied the MI of
MSWs in a Fermi-Dirac-Pauli plasma by the combined
effects of the electron relativistic degeneracy, the quan-
tum tunneling, electron spin via Pauli paramagnetism,
and plasma resistivity [30].

To the best of our knowledge, the combined effects of
the Coriolis force and the gravity force on the fast mag-
netosonic modes and the MI of slowly varying envelopes
in inhomogeneous magnetoplasmas have not been stud-
ied before. Our aim is to study the propagation charac-
teristics of fast magnetosonic modes and their nonlinear
evolution as slowly varying envelopes through the mod-
ulational instability. To this end, we consider a self-
consistent MHD model for electron and ion fluids that
includes the combined effects of the gravity and Coriolis
forces as well as the magnetic field and density inhomo-
geneities in absence of any viscosity or magnetic diffu-
sivity. We show that while the fast magnetosonic modes
exhibit instability in plasmas with constant gravity per-
pendicular to the magnetic field, the fast magnetosonic
Jeans mode in self-gravitating plasmas can be stable or
unstable depending on the competitive roles of the grav-
ity and Coriolis forces and whether the Jeans wave num-
ber is below or above a critical value. The possibility
of the emergence of MI of slowly varying magnetosonic
envelopes in different cases of the stable or unstable fast
carrier modes in presence of the self-gravitation and the
constant gravity force with the effects of magnetic field or
density inhomogeneities are studied and its applications
to solar coronal plasmas are discussed.

The paper is organised in the following fashion: In
Sec. [, we present the basic MHD models governing
the dynamics of fast magnetosonic waves and the in-
homogeneous equilibrium state of plasmas. Section [[T]
demonstrate the linear fast magnetosonic mode, the com-
patibility condition, and the derivation of the nonlinear
Schrodinger (NLS) equation for the evolution of slowly
varying magnetosonic envelopes. We study the MI in
Sec. [Vl for three different cases of stable and unstable
Jeans carrier modes as well as for the unstable carrier
mode under the influence of gravity. The applications
of our results in solar plasmas are discussed in Sec. [V}
Finally, Sec. [V]is left to summarize and conclude our
results.

II. BASIC EQUATIONS

We consider the nonlinear propagation of fast mag-
netosonic waves in a rotating magnetized plasma with
the effects of the Coriolis force and the gravitational
force. The latter may be considered in two cases (i)
when the gravitational acceleration g is not a constant
(self-gravity) and (ii) when g is a constant. The plasma
is supposed to be rotating with uniform angular veloc-
ity € = (0, cos A, Qpsin ) and immersed in an exter-
nal static magnetic field along the z-axis, i.e.Bg = ByZz.
We assume the gravitational force to be acting verti-
cally downwards and parpendicular to the magnetic field
and the wave propagation along the x-axis, for simplic-
ity. Furthermore, the background magnetic field and the
density are assumed to vary along the z-axis (inhomo-
geneities). A schematic diagram for the model is shown
in Fig. We first consider the case of self-gravitating
plasmas. The basic equations describing the dynamics of
electron-ion fluids in self-gravitating magnetoplasmas in
the center-of-mass frame are [31]
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where g = —V is the gravitational force per unit mass

of the fluid acting vertically downwards; p, v, and P
are, respectively, the fluid density, fluid velocity, and the
thermal pressure. Also, B, €2, ¢, and G, respectively, de-
note the magnetic field, uniform angular velocity of the
rotating fluid, gravitational potential, and the universal
gravitational constant. The pressure P satisfies the equa-
tion of state: VP = ¢2Vp, where cs = \/vkgT./m; is the
adiabatic sound speed with kp denoting the Boltzmann
constant, T, the electron temperature, v the adiabatic
index, and m; the ion mass.

Next, we consider the one-dimensional propagation of
fast MSWs along the z-axis and normalize Eqs. (|1)-
(4) according to: p — p/po, B — B/By, w = w/we;,
(Vzy Uy, 02) = (Va,Uy,02) /Va, ¢ = ¢s/Va, Qo —
Qo/wei, wg — wilwe, ¥ — /VE. Here, Vi =
Bo/\/fopo is the Alfvén speed, w3 = 4nGpy is the
squared Jeans frequency, and w; = 1/eBg/m; is the ion-
cyclotron frequency at x = 0. Furthermore, the space
and time coordinates are normalized as @ — xwe;/Va
and t — twe. Thus, from Egs. —, after separat-
ing the velocity components along the axes and noting
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FIG. 1. A schematic diagram showing the directions of wave propagation k, the external magnetic field Bo, and the gravitational
force g. The background plasma state is determined by Egs. , . The magnetic field and density inhomogeneities are

along the z-axis.

that the frozen-in-field condition p/pg = B/By holds for

Eqgs. and , we obtain the following reduced set of
normalized equations
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A. Equilibrium state

At equilibrium, the background plasma state with den-
sity and magnetic field inhomogeneities is defined by the
following pressure-balance and the Poisson equations
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where the suffix ‘0’ denotes the equilibrium value of the
corresponding physical quantity. We define By(0) = By,
p0(0) = pg and 1o(0) = 9. By means of the normaliza-
tion defined before, Eqs. and reduce to
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Using the relation VP = ¢2Vp, and noting that
By(x)/By = po(z)/po (Frozen-in-field condition), we ob-
tain from Eq. (12]), the following relation (in normalized
form)

2 In po(@) + 2p0(x) = o — Yo (), (14)

where 1y = 2 + 1pg. Typically, if po(x) is not too
small, ie., if it lies in 0.5 < po(z) < 1, the func-
tion In po(z)/po(x) approaches from small negative val-
ues to zero as po(x) — 1. In addition, if the mag-
netic force dominates over the pressure gradient force
(in low-g plasmas such as those in solar corona) or if
the length scale of magnetic field inhomogeneity is much
smaller than the density inhomogeneity, ie., Lp, <
L,,, where 1/L,, = [1/po(x)](dpo(x)/dz) and 1/Lp, =
[1/Bo(x)](dBo(x)/dx), then the term proportional to 2
in Eq. can be neglected compared to the the term
involving the factor 2 (the second term on the left-hand
side). Thus, from Egs. and , we obtain for z > 0
the following approximate solutions for ¢y(x) and po(z).

Yo(z) ~ Yo — 2exp (—;W%) ) 15)
po(x) = Bo(x) = % [1;0 - 11)0(33)} .



On the other hand, if the contribution from the pres-
sure gradient force is much higher than the magnetic
force (in high-g plasmas such as those in the solar photo-
sphere and solar wind acceleration region) or if the length
scale of magnetic field inhomogeneity is much larger than
the density inhomogeneity, i.e., Lg, > L,,, approximate
solutions for pgp(z) and 1o (z) can then be obtained from

Egs. and as (x > 0)

2
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where ¢g = 1 — ¢y/c?. Furthermore, for plasmas where
the plasma pressure is comparable to the magnetic pres-
sure (8 ~ 1), such as those in the lower chromospheric
region of the solar atmosphere, Eqgs. and are to
be solved numerically. However, we are not considering
these two cases in the present investigation.

III. DERIVATION OF NLS EQUATION

We study the modulation of weakly nonlinear slowly
varying magnetosonic wave envelopes that are generated
due to nonlinear self-interactions of carrier fast mag-
netosonic modes and higher harmonic modes in self-
gravitating rotating magnetoplasmas. To this end, we
employ the standard multiple-scale reductive perturba-
tion technique (RPT) [32] to Eqs. (5))-(9) and derive the
nonlinear Schrédinger equation for the evolution of slowly
varying MSW envelopes. In the RPT, we define a new
frame of reference in which the space and time variables
are stretched as

§=c(x—vgt),

T =€t (a7)
where vy is the group velocity of the wave envelope along
the z-axis and € is a small (0 < € < 1) expansion pa-
rameter, which scales the weakness of amplitudes of per-
turbations. Due to the stretched coordinates , the
space and time derivatives will be replaced according to
the following transformations.
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The dynamical variables are divided into unperturbed
(equilibrium) and perturbed parts. In the latter, the slow
and fast scales (for space and time), respectively, enter
the [-th harmonic amplitudes and the phase (kx — wt).

Thus, the variables can be expanded as
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where By(z) and 9o (z) are normalized by By and g re-

spectively, and the slowly varying wave amplitudes Bl(n),

() M) () ()

Uy Uyy's Uty Wy 7, ete satisfy the reality condition:

A(_"l) = Al(n)*, where the asterisk denotes the complex
conjugate, and k and w are, respectively, the wave num-
ber and the wave frequency of fast carrier MSWs.

In what follows, we apply the transformations [Egs.
) and . and substitute the expansions [Eq. .
1nt0 the normalized Egs. . @ and then obtain equa-
tions for different harmonic modes corresponding to dif-
ferent powers of ¢ (For some details, see Appendix .
Here, we assume that the length scales of the density
(L,,) and magnetic field (Lp,) inhomogeneities are much
larger than the length scale (L) of magnetosonic pertur-
bations, i.e., L,,, Lp, > L. With these assumptions,
the imaginary contributions originating from the inho-
mogeneities can be ignored. The results are given in Secs.

[MTAHITCL

A. First-order perturbations:
relation

Linear dispersion

For the first-order first harmonic perturbations, we ob-
tain from the coefficients of €, the following relations

ol = —Bfl), ol = QO sin AB{V,
k Y k (20)
1 1 1) _ Wip
oV = ZEQ ocos ABY M) = k;B( )
. (1) . 2 2 (1)
iwvy, + ik (2 + Va(z)?) By
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+ 2 (cos Avill) — sin Avﬁ) — ikz/)(l) =0,

where Va (z /+/ 1topo(x)V4 is the normalized in-
homogeneous Alfven velocity.

Next, eliminating the variables and looking for their
nonzero solutions, we obtain from Egs. —, the



following linear dispersion relation for the fast carrier
magnetosonic modes in self-gravitating magnetoplasmas.

w® = [cF + VAQ(x)] k? + 402 — w3,

22
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where kj is the critical Jeans wave number modified by
the Coriolis force, given by,

1/2
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From Eq. , we note that the fast magnetosonic wave
becomes dispersive due to the presence of the term pro-
portional to Q3, associated with the Coriolis force, and
the Jeans instability may occur due to the term propor-
tional to w? by the influence of the self-gravitating force
[33]. The instability occurs in the region k < kj, pro-
vided the self-gravity force dominates over the Coriolis
force, i.e., wy > 2€y. In the other region, i.e., k > kj,
the magnetosonic wave can propagate as a real (stable)
eigenmode with w; > 2Q3. On the other hand, in ab-
sence of the gravity effects or when the Coriolis force
dominates over the self-gravity force with wy < 20, the
MSWs can also propagate as a real mode (without any in-
stability) with the frequency being smaller or larger than
the ion-cyclotron frequency and the dispersion relation in
the form of high-frequency Langmuir waves in classical
plasmas. Thus, it is reasonable to investigate the nonlin-
ear modulation of slowly varying magnetosonic fields by
means of a NLS equation. We also note that the effects
of the magnetic field and the density inhomogeneities en-
ter the coefficient of k2 via the Alfvén velocity Va(z),
implying that the wave dispersion is greatly modified by
the effects of inhomogeneities, and hence the modifica-
tions of the phase velocity as well as the group velocity
dispersion of magnetosonic envelopes.

Figure [2| displays the profiles of the real wave mode
(Rw, for k > kj) and the growth rate of instability (Sw,
for k < k) by the effects of the density and magnetic
field inhomogeneities [See Eq. (I5)], the Coriolis force,
and the self-gravity force such that w; > 2Q,. We find
that while the real wave frequency increases with the
wave number k, the instability growth rate falls off from
a nonzero value with k having a cut-off at the critical
Jeans wave number, i.e., k = k;. Such a critical value
shifts towards a higher value of k£ due to the effects of the
inhomogeneities in which ¥g(x) increases, but pg(x) de-
creases with increasing values of > 0. In this case, the
instability domain for k£ expands and the domain of the
real wave mode reduces. Thus, it follows that the den-
sity and magnetic field inhomogenities in the background
plasma favor the Jeans instability in a wide range of val-
ues of k, not reported before. On the other hand, a small
reduction of the angular frequency €y of the rotating
fluid, associated with the Coriolis force, can significantly

reduce both the growth rate of instability and the in-
stability domain in k. We do not consider the case of
wy == 2y at which the fast magnetosonic wave becomes
dispersionless. Such a strict condition may be applicable
to low-frequency long-wavelength plasma oscillations.

B. Second-order perturbations: Compatibility
condition

For the second order (n = 2) reduced equations with
Il = 1, we obtain the following expressions for different
harmonic modes
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where v, = w/k is the phase velocity of the carrier mag-
netosonic waves. From Eq. , it is evident that
the group velocity vy of the wave envelope has an in-
verse relationship with the phase velocity of the carrier
wave, i.e., the magnitude of the group velocity increases
with a reduction of the magnitude of the phase veloc-
ity. Because of the dependency of v, on the wave fre-
quency w, the group velocity can be real (imaginary) for
k> ky (k < ky) when wy > 2Qq. It can also be real
when wjy < 2Qq for any real value of k. The expression
for vy is clearly modified by the effects of the background
magnetic field or density inhomogeneity. Furthermore,
having known the characteristics of w (See Fig. [2]), one
can also investigate the features of the real and imaginary
parts of vg. It is seen that the real part of the group veloc-
ity decreases with k > k; and it can be further reduced
(increased) by the effects of the density or magnetic field
inhomogeneity (Coriolis force). On the other hand, the
imaginary part of v, is always negative in the domain
k < kj and its magnitude increases with increasing val-
ues of k. The detailed analysis of v, is not necessary at
this stage, we will rather focus on the coefficients of the
NLS equation to be derived in Sec. [[ITTC]

C. Third-order perturbations: The NLS equation

The second-order harmonic modes for n =2 and [ = 2
appear due to the nonlinear self-interaction of the carrier
waves, and they are found to be proportional to [B}]? as



FIG. 2. The real (Rw) and imaginary (Sw) parts of the fast magnetosonic wave frequency w [Eq. } are shown when
wy > 2Q0. The solid, dashed, and dotted lines correspond to the parameter values (i) Qo = 0.8, wy = 2.1Q, =z = 0.5, (ii)
Qo = 0.8, wy =2.1Q0, = = 1.5, and (iii) Qo = 0.5, ws = 2.1Q0, & = 1.5 respectively. The other fixed parameter values are

cs = 0.5 and 19 = —0.5.
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The nonlinear self-interactions of the first-order carrier
wave modes also result into the generation of the zeroth
harmonic modes. Thus, for n =2, | = 0 we obtain
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Finally, substituting all the above derived expressions
into the third-order harmonic modes (n = 3 and | = 1),
we obtain the following NLS equation

9B _0°B ,

where we have replaced Bgl) by B for simplicity. The
group velocity dispersion coefficient P and the nonlin-
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ear coefficient @), appeared due to the carrier wave self-
interactions, are given by
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From the dispersion Eq. , we note that the wave
frequency w can be either real or purely imaginary de-
pending on whether & > kj or k < k. So, the coeffi-
cients P and ) can also be either real or purely imagi-
nary. While the coefficient P appears due to the group



velocity dispersion and the coupling of the thermal and
magnetic pressures with the Coriolis and the Gravity
forces, the coefficient () appears due to the nonlinear self-
interactions of higher harmonic modes and coupling be-
tween the zeroth- and second-order second harmonic car-
rier waves. Specifically, the first term of () appears due to
transverse velocity perturbations and the second term of
Q is due to the coupling between the zeroth and second
harmonic modes. Before proceeding to study the mod-
ulational instability and the evolution of magnetosonic
wave envelopes, it is pertinent to mention there cases of
interest:

e Case I: wy < 2Q0, V k.
e Case IT: wy > 2Qq, k > k.
e Case III: wy > 20, k < k.

From the linear analysis in Sec. [[ITA] we have noted that
while Cases I and II correspond to the Jeans stable mode,
Case III corresponds to the Jeans instability. Thus, it is
of interest to study the modulational instability condi-
tions in these three cases. Specifically, we will examine
whether the Jeans instability region of carrier waves can
give rise to the modulational instability of magnetosonic
envelopes.

IV. MODULATIONAL INSTABILITY

We follow a similar technique as in [34] to study the
modulation of magnetosonic wave envelopes against a
plane wave perturbation. Though the analysis is stan-
dard, we reproduce it here for the sake of clarity to the
readers. The NLS Eq. admits a plane wave time-
dependent solution of the form

— pl/2 YA
B=n"/exp|1 2Pd§ , (31)

where a is some constant, and 7 and o are real functions

of £ and 7. Substituting Eq. into Eq. , and
separating the real and imaginary parts, we obtain
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Next, we modulate the wave amplitude and phase by
small plane-wave perturbations with the wave number
K and the wave frequency 2 as

1 =1 + m cos(KE& — Q) + ny sin(KE — Qr),

o = o1 cos(KE& — Q1) + oasin(KE — Qr), 34

where 79 is a constant, and 7; and o; for j = 1,2, are
the amplitudes of perturbations.

Substituting the perturbation expansion in Egs.
and , and looking for nonzero solutions of 7,
and 7, we obtain the following dispersion relation for the
perturbed wave of modulation in self-gravitating rotating
magnetoplasmas

0? = P?K> (K2 - 2’7;;62) : (35)

In Subsections[[VAIV C| we will study the conditions for
the modulational instability and the instability growth
rate in the three different cases as mentioned above.

A. Casel: wy <20, VEk

We consider the case when the contribution from the
Coriolis force dominates over the self-gravitating force,
i.e. when wy < 2. In this case, the carrier Jeans wave
frequency w becomes real for any values of the wave num-
ber k [See Eq. (22))], and so are P and Q. Also, from Eq.
, it is evident that that P > 0 for wy < 2. Fur-
thermore, inspecting on the expression of @ [Eq. ],
we find that when w; < 2y holds, the second term of
Q@ becomes positive and larger than the first term, giving
Q@ < 0. Thus, in this case, PQ) < 0, and Eq. gives a
real wave frequency (2 for the perturbation of modulation,
implying that the slowly varying magnetosonic wave en-
velope is always stable under the modulation. It follows
that the modulated magnetosonic wave is also stable in
absence of the self-gravity force.

B. Case II: wy > 200, k > kJ

We consider the case when the self-gravitating force
dominates over the Coriolis force, i.e. wy; > 2Qy and
k > k;. In this case, as discussed before in Sec. [[TTA]
since the carrier wave frequency w is real, the coefficients
P and @ of the NLS equation are also real. However, in
contrast to Case I, P < 0 and @ can be both positive
and negative for k (> kj), so that one can have both
stable (P(Q) < 0) and unstable (PQ > 0) regions. Figure
shows the plot of () versus the carrier wave number
k. We find that due to the inhomogenity effects, the
domain of k in which @ < 0 (for which PQ > 0 and the
modulational instability occurs) expands and the domain
shifts towards lower values of k due to a reduction of the
magnitude of €. For example, for (i) Qo = 0.8, wy =
2.1Qp, x = 0.5, we have @1 < 0 (> 0) in 0.6 S k <
0.624 (k = 0.624) (See the solid line of Fig. [3) (i) Qo =
0.8, wy = 2.1Qp, = = 1.5, we have @; < 0 (> 0) in
0.85 < k < 0.94 (k= 0.94) (See the dashed line of Fig.
3), and (iii)) Qo = 0.5, wy; = 2.1Qp, = = 1.5, we have
Q1 <0 (>0)in0.39 <k <041 (k 2 0.41) (See the
dotted line of Fig. [3). The other fixed parameter values
are ¢, = 0.5 and ¥y = —0.5.



In the case of PQQ > 0 for which the modulational
instability occurs, the instability growth rate (') can be
obtained from Eq. for K < K, as

I = |P|K\/K? - K?, (36)

where K. = 1/2n0Q/P is the critical wave number of
perturbation, and the maximum growth rate, 'y =
no|Q] is attained at K = K./v/2.

Figure [4| displays the growth rate of instability [Eq.
(36)] for different parameter values as in Fig. We
find that the instability growth rate can be enhanced and
maximized by the effects of the magnetic field or density
inhomogeneity. However, it can be reduced or minimized
by reducing the angular frequency €y compared to the
Jeans frequency.

C. Case III: wy > 2Q0, k < kJ

Here, we consider the most interesting case when w; >
2Q, but k < k;. From the analysis in Sec. [[ITA] it
is evident that the carrier wave frequency w is purely
imaginary (Jeans instability) and so are the coefficients
P and @ of the NLS equation. Thus, assuming P = iP;

and Q =1Qq, Eq. gives

2m0Q1
Py

Q :PIK sz (37)

where P; and ) are reals, given by,

1 w% — 49%

P1 - = ’
202 + V3(a)])/? (k% — k2)*
1 1392 + c2k? (38)
Ql = — 5 _72 + 9 .2 102
2y 3wy — 495

x (492 —2k* — (w3 —499))],

with

7= 8w =/ + V()] (k3 - k2)

(39)

= /I + V3(@)] K2 + w? — 403,

From Eq. , we find that the instability condition
depends on the sign of the product P;@Q; and/or on the
value of K smaller or larger than a critical value K..
When P1@; < 0, Eq. gives ) purely imaginary for
all values of K and so we have the modulational instabil-
ity for all K, but with k£ < k;. The corresponding growth
rate of instability can be obtained by setting 2 = iI'; as

I, = |P1\K,/2no‘%‘+f(2. (40)
1

On the other hand, when P;@Q; > 0, the modulational
instability occurs for K > K., where K, is the critical
wave number, given by,

Kcz,/zno‘%‘. (41)

The corresponding instability growth rate is given by

Iy = [Py K2 — 20| 2] (12)
1

However, the modulated wave is stable for K < K,.. The
instability condition stated above is in contrast to the
typical condition (PQ > 0, K < K.) of modulational
instability of wave envelopes in plasmas without self-
gravity effects. Inspecting on the coefficients P (= iP;)
and @ (= iQ1), we find that P; is always positive for
k < ky and wy > 2Qy. From Fig. we find that Q
can be both positive and negative in a finite domain of
k (< kj). The domain for @1 > 0 in which the modu-
lational instability occurs expands due to the effects of
magnetic field or density inhomogeneity and shrinks due
to reduction of the contribution from the Coriolis force
compared to the self-gravitating force. For example, for
(i) Qo = 0.8, wy = 2.1Qg, £ = 0.5, we have Q1 < 0 (> 0)
in0<k<0.33(0.33 <k <0.594) (See the solid line of
Fig. b)) (ii) Qo = 0.8, wy = 2.1Q0, = 1.5, we have Q1 <
0(>0)in0<k<0.4(04=<k=<0.842) (See the dashed
line of Fig. [5)), and (iii) Qo = 0.5, wy = 2.1Q, x = 1.5,
we have @1 <0 (>0)in 0 < k < 0.22 (0.22 < k < 0.386)
(See the dotted line of Fig. |5)). The other fixed parameter
values are c¢s; = 0.5 and 1y = —0.5.

Figure [6| displays the growth rates I'y and I's [Egs.
and (42)] corresponding to P1@Q; < 0 and P2Qy > 0
respectively. Evidently, we have a growing modulational
instability without any cut-off at any value of K. The
growth rate becomes higher the larger is the Jeans fre-
quency compared to the angular velocity.

V. APPLICATIONS AND DISCUSSIONS

The solar corona is typically a complex system in the
self-gravitating field of the Sun, and has been known to
be an active medium for the dynamics and stability of
magnetosonic waves, since one of the most important
problems of coronal heating is associated with the wave
[35]. Recent Solar Optical Telescope (SOT) observations
of small-scale oscillations also indicate the existence of
fast magnetosonic waves in solar prominence threads and
pillars [36]. Past observations in the X-ray corona also
reported slowly moving perturbations that can propagate
with the speed 400 km/s during the first nine minutes of
filament disruption [37]. Such a velocity seems to be close
to the Alfvén speed of fast magnetosonic waves in a low-
B plasma. The speed was, however, reduced to 190 km/s
and 20 km/s after twenty minutes and four hours respec-
tively. To explain this observation, one can assume that
the fast magnetosonic waves originating from disrupted
filaments can propagate as slowly moving magnetosonic
wave envelopes through the modulational instability [27].

Typical solar plasma parameters are [35] (i) the num-
ber density of electrons/ions, n ~ 10° em™3, (ii) the
electron temperature, T, ~ 1073 K, and (iii) the plasma
B~ 0.2 (8 — 0) at the magnetic field strength, By ~ 4 G
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FIG. 3. Plot of @ [Eq. ] vs k is shown for Case II: wy > 2Qq, k > k. The fixed parameter values and different parameter
values for the solid, dashed, and dotted lines are the same as for Fig. 2] Since P < 0 Vk, the stable and unstable regions in k

are corresponding to ¢ > 0 and @ < 0 respectively.

(40 G). For illustration purpose, we calculate the maxi-
mum growth rate in the case of wy; > 2Qg, k > k; (Case
II in Sec. at By = 4 G as T'ax ~ 0.0076 (for
1o = 0.01) such that the typical growth time can be esti-
mated as Tgrowth ~ 4 s, i.e., faster than predicted before
[27] and may be reasonable to explain the transition time
(twenty minutes) from fast magnetosonic mode to slowly
varying envelopes. The typical Jeans wavelength and the
Alfvén velocity can be estimated as Ay ~ 2 x 10* m and
Va ~ 3 x 10° m/s. We can also estimate the group ve-
locity as vy ~ 5 x 10° m/s. These velocities are close
to the observational velocity 190 km/s of slowly moving
perturbations. The instability growth rate can be sig-
nificantly high by the effects of the magnetic field and
density inhomogeneities where the Alfvén velocity Va(z)
gets reduced. Note that the above results are valid for
low- plasmas where the length scale of magnetic field
inhomogeneity is much smaller than that of the density
inhomogeneity and the wavelength associated with the
fast carrier magnetosonic mode is small compared to the
wavelength of the slow modulation along the magnetic
field. On the other hand, the typical growth rate can be
high having no cut-off at any wavelength of modulation,
and the corresponding time scale can be low in the case
when wy > 2Qp and k < k; (Case IIT in Sec. [IV BJ).
However, to be consistent with the small perturbations,
the admissible growth rate should be at a wavelength (of
slow modulation) above its critical value.

It has been established that the fast magnetosonic
mode can act as a candidate for coronal loop heating
through the exchange of energy and momentum [35]. The

present theory of modulational instability should help
predict the energy transfer rate of slowly varying mag-
netosonic envelopes in solar plasmas under the relative
influences of the self-gravity force and the Coriolis force
and the excitation of fast magnetosonic carrier modes at
length scales below or above the Jeans critical length.

It is to be noted that in the case of plasmas with con-
stant gravity, the gravity force, g = —V1 is to be re-
placed by g = (—g,0,0) and there will be no gravita-
tional Poisson equation. Even if it is considered for the
sake of clarity, it will result into the quasineutrality con-
dition, already assumed for the derivation of the MHD
equations. In this case, the term —w? in the dispersion
equation for the fast magnetosonic carrier waves will
be replaced by igk, which will result into the real wave
frequency, given by,

w? = [2 + Va®(2)] k* + 403 (43)
and the instability growth rate, v = gk/w,. From the
inhomogeneous equilibrium state one can obtain by the
same assumption as for the fluid density in Sec. [[TA] as
po(z) = po + gx. The coeflicients of the group veloc-
ity dispersion (P) and the nonlinearity (@) in the NLS
equation will be complex, given by,

=573 [(cﬁ + VAQ(g;)) (w—vgk) — ;igvg} ,  (44)

wiw2

- 2 _
@= 2w (w 602 + igk) ’ (45)
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where wy = (3V3(z) + 2¢?) k? + 1203 + 2igk and wo =
(3V3(x) + 2¢2) k* 4 6Q% + 2igk. Consequently, instead of
the purely growing instability as in Case III of Sec. [[V.C|
we have the frequency up-shift (£2,.) and the modulational

Plot of Q1 versus k is shown for Case III: w; > 2, k < kj. The fixed parameter values and different parameter
values for the solid, dashed, and dotted lines are the same as for Fig. [2|
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instability growth rate (T'), given by,

Q, = = [—N +VN2+ 4M2} v (46)
V2
L1

S

1/2
; [N+ VNZ +4M2} ,

10
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FIG. 6. The instability growth rates (a) I'1 [Eq. , when P1@Q1 < 0] I's [Eq. , when P1@Qq > 0] are plotted against the
modulation wave number K of perturbation. The fixed parameter values and different parameter values the solid, dashed, and

dotted lines are the same as for Fig.

where the expressions for M and N are

M = K? {P1P2K2 _UO(P2Q1+Q2P1)}7 (48)

N = K* {2n0(P\Q1 + PxQ2) — (P} — P5)K?} . (49)

For brevity, we have presented the characteristics of {2,
and I' as shown in Fig. [7] It is found that both assume
higher values at a reduced angular frequency € (the dot-
ted lines) and by the effects of the density inhomogeneity
(the dashed lines). Also, the growth rate I' is similar to
Case III of Sec. [V.C|in self-gravitating plasmas, i.e., it
grows with the wave number of modulation K without
any cut-offs.

Thus, the instabilities of fast magnetosonic modes and
the MI of solwly varying wave envelopes under the influ-
ences of self-gravity force and the constant gravity force
are quite distinctive. While the Jeans critical wavelength
appears above which the Jeans instability of fast car-
rier modes occurs and hence the MI of magnetosonic en-
velopes in self-gravitating fields, the fast modes appears
to be unstable by the constant gravity force without any
restriction of the wavelength unless the length at which
the collective behaviors disappear. Furthermore, in con-
trast to plasmas under constant gravity, the stable Jeans
mode in self-gravitating fields may give rise to the MI of
slowly varying envelopes with a finite growth rate and
cut-off at a finite wave number of modulation (See Case

IT in Sec. [IV B).

VI. SUMMARY AND CONCLUSION

To summarize, we have studied the dispersion proper-
ties of fast magnetosonic waves and the modulation of
slowly varying magnetosonic wave envelopes in inhomo-
geneous magnetoplasmas under the relative influence of
the gravitational force and the Coriolis force due to ro-
tating fluids. Using the multiple-scale reductive pertur-
bation technique, we have derived the NLS equation for
the evolution of slowly varying magnetosonic envelopes.
It is found that the inhomogeneities in the background
magnetic field and the fluid density favor the Jeans in-
stability to occur in a larger domain of the carrier wave
number (k) below the Jeans critical wave number (k).
The latter is, however, defined when the self-gravity force
dominates over the Coriolis force or the Jean frequency
wy becomes larger than the increased angular frequency
2Qy. On the other hand, when the Coriolis force domi-
nates over the self-gravity force or is dominated by the
self-gravity force with k > k;, the fast magnetosonic car-
rier mode is always stable. It is interesting to note that
the MSW envelope, corresponding to the unstable carrier
Jeans mode with w; > 2Qy and k < kj, is always unsta-
ble under the plane wave modulation having no cut-offs
in the growth rates. However, the stable Jeans mode
with wy > 2Qp but k& > k; can lead to modulational
stability or instability with finite growth rates and cut-
offs. Such an instability growth rate is enhanced by the
effects of the magnetic field or density inhomogeneities.
We have also discussed the possible applications of mod-
ulational instability in solar plasmas, such as those in
the X-ray corona and solar prominence, and noted that
the estimated Alfvén velocity of fast modes and the group
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FIG. 7. The frequency shift [subplot (a), Eq. (46))] and the instability growth rate [subplot (b), Eq. (47)] are plotted against
the modulation wave number K of perturbation. The solid, dashed, and dotted lines correspond to the parameter values as for
Fig. The other fixed parameter (normalized) values are g = 0.5, ¢; = 0.5, and k = 0.4.

velocity of slowly varying envelopes are close to the obser-
vational values. Also, the estimated growth time is found
to be reasonable to explain the transition time from the
fast magnetosonic modes to slowly varying envelopes at
the nonlinear stage.

As an illustration, we have also examined the influ-
ence of the constant gravity force instead of the self-
gravitation. It is found that the fast carrier magnetosonic
mode is always unstable, leading to a frequency up-shift
of the frequency of modulation (instead of a purely un-
stable mode) and the instability growth rate having no
cut-offs, similar to Case III of self-gravitating plasmas.

To conclude, since the fast magnetosonic modes can
be a candidate for coronal loop heating in which the mo-
mentum and energy transfer occur, the theoretical results
should help predict the growth time of slowly varying
magnetosonic envelopes that can be transformed from
the fast magnetosonic modes emanating from disrupted
filaments in the X-ray corona through nonlinear interac-
tions. The higher the growth rate shorter is the time scale
for the instability. It is to be noted that the proposed
coronal heating mechanism has been the collisionless
Landau damping. The fast magnetosonic modes prop-
agating parallel or perpendicular to the magnetic field
cannot suffer collisionless damping, but may be damped
due to viscosity effects [27]. However, it has been shown
that modulational instability is the dominant mechanism
for energy transfer in the coronal loops than the viscous
damping [27]. The detailed investigation in this direction
is beyond the scope of the present study. Accordingly,
multi-dimensional propagation of magnetosonic waves in
dissipative plasmas could be a project of future study.
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N-TH ORDER REDUCED EQUATIONS
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