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Gravitational wave (GW) birefringence is a remarkable phenomenon that can be used to test the
parity violation in gravity. By coupling the fuzzy dark matter (FDM) scalar to the gravitational
Chern-Simons term, we explore the GW birefringence effects in the FDM background. In particular,
in light of the highly oscillating granular FDM structure at the galactic scale, we are led to investi-
gating the GW propagation in the Chern-Simons gravity over the general nontrivial scalar profile,
which is a natural extension of previous studies on the homogeneous and isotropic configurations.
As a result, it is found that GWs of both circularly polarized modes propagate in the straight line
with the speed of light, and does not show any velocity birefringence. However, when considering
the imaginary part of the dispersion relation, GWs exhibit the amplitude birefringence in which
one circular polarization is enhanced while the other suppressed. Due to its local nature, the FDM-
induced amplitude birefringence only depends on the GW frequency without any reliance on the GW
event distance. More importantly, the birefringence factor shows a periodic time variation with the
period reflecting the FDM scalar mass, which is the smoking gun for testing this new birefringence
mechanism. Finally, we also study the extra-galactic FDM contribution to the GW birefringence,
which is shown to be suppressed by the cosmological DM density and thus subdominant compared

with the galactic counterpart.

I. INTRODUCTION

Testing gravitational parity violation is a key to under-
stand the nature of gravity. It is well-known that general
relativity (RG) preserves the parity symmetry. However,
the parity conservation can be broken in many modifica-
tions to GR [1], such as Chern-Simons (CS) gravity [2—4],
Teleparallel Gravity [5, 6], ghost-free scalar-tensor grav-
ity [7] and so on [8-17]. Moreover, the direct observation
of gravitational waves (GWs) by the LIGO-Virgo-Kagra
(LVK) collaboration [18-22] has opened a new avenue
to probe this important issue. Especially, one smoking
gun of parity violation in gravity is provided by the GW
birefringence effects [23-27], i.e., the two circularly po-
larized modes behave differently in phase and amplitude
when propagating over astrophysical and cosmological
distances. Such a remarkable phenomenon has already
widely studied in many modified gravity theories [28-32]
and in model-independent ways [33-37].

Although more and more astrophysical evidences for
dark matter (DM) have been accumulated in the past
several decades [38], its nature is still elusive. More re-
cently, the fuzzy dark matter (FDM) [39-41] has become
a promising DM candidate since it may provide possi-
ble solutions to many problems observed on sub-galactic
scales (see e.g. Refs. [42-44] for recent reviews). Im-
portantly, latest precise N-body simulations [45-49] have
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shown that, for a FDM with its mass of O(10722¢V),
the FDM scalar field is oscillating in time inside the DM
halo, and forms a solitonic core surrounded by DM halos
with complicated granular structures. Moreover, it was
argued that the FDM can be identified as an axion-like
particle [39-42, 50, 51] since its lightness can be easily
understood by its associated approximate shift symme-
try. Thus, it is quite natural to expect that the FDM can
have a gravitational CS coupling arising from the gravi-
tational anomaly [52, 53] or in the string theory [54-57].
Therefore, all these FDM properties motivate us to con-
sider the GW birefringence phenomena in the CS gravity
when GWs propagate in a general FDM profile of highly
non-trivial spacetime dependence, which can be viewed
as an extension of the previous framework [24-36] by as-
suming a homogeneous and isotropic scalar profile. Given
that the FDM background variations in time and space
are much smaller than the GW frequency and wavenum-
ber, we shall perform our calculation with the well-known
eikonal approximation [58]. As a result, we show that the
FDM-induced GW birefringence exhibits many new fea-
tures, which can be used to distinguish this signal from
other cosmologically generated ones. Finally, we further
consider the extra-galactic FDM contribution to the GW
birefringence and assess its impact on the detectability of
the galactic one.

The paper is organized as follows. We begin our dis-
cussion in Sec. II by setting up our conventions of the
CS gravity theory where the scalar field is identified as
the FDM candidate. In Sec. III, we focus on the GW
birefringence taking place inside our galaxy, and iden-
tify its observational signatures. Sec. IV is devoted to
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investigating the contribution to the GW birefringence
from the extra-galactic FDM. Finally, we conclude and
provide further discussions in Sec. V.

II. CHERN-SIMONS GRAVITY THEORY

The GW birefringence can be generated if the FDM
pseudoscalar ¢ possesses the gravitational CS coupling.
Following the conventions in Ref. [4], we parametrize the
Lagrangian of the CS gravity as follows

S = /d4:v\/—g [mR-i— %(b * T,\WR’\TW ) (1)

where k = (16mG)~! with G the Newton constant, while
a denotes the CS coupling with unit length dimension.
The quantity *RT/\WR’\T”” is the so-called Pontryagin
denisty. Here the dual Riemann tensor is defined by
*RA W = e*“’f"’R)‘TpU/27 where /P = evP? [ /—q is the
4-dimensional Levi-Civita tensor with the anti-symmetric
symbol as €923 = —gy;93 = 1. By differentiating the CS
gravity action with respect to the tensor perturbation
hij defined by ds? = a(n)*[—dn? + (8;; + hsj)dz'dz?], we
can obtain the following linearized gravitational equa-
tions [23]

Dhji:%em‘kaa %(apqaanaa—angbapaa) hriy (2)

where O = (=82 — 2HO, + 07)/a® is the four-
dimensional d’Alembertian operator in the Friedmann-
Lemaitre-Robertson-Walker metric with A the conformal
Hubble parameter. Throughout this article, the Latin
letters refer to the spatial indices while the Greek let-
ters to the spacetime ones. Also, we have simplified our
formulae by using the usual transverse-traceless gauge
conditions 6“h;; = dh;; = 0. Depending on the realis-
tic situations inside and outside of the Milky Way (MW),
we can further simplify the above general GW equations.

III. GRAVITATIONAL WAVE
BIREFRINGENCE IN OUR GALAXY

Let us firstly focus on the GW propagation over the in-
homogeneous FDM field background within the galactic
scale. Thus, the cosmic expansion effect can be ignored
and the background metric can be taken to be flat. By
setting the scale factor a = 1 and replacing the conformal
time 7 with the physical one ¢, we can reduce Eq. (2) into

Oh, = (a/K)eP* 0 (8y30:0a — 0:00p00) bri - (3)

In order to proceed, we shall work in the coordinates
where the GW moves in the z-direction, so that the
widely-used linearly polarizations can be identified as
hy = hyy = —hyy and hy = hyy = hy,. According

to Ref. [59], the two circularly polarized GW modes can
be written as

he = (1/V2)(hy Fihy), (4)

and Eq. (3) can be decomposed into two separate equa-
tions for left- and right-handed polarizations

Ohes F i(c/k)0% (0,020, — 0,00ad.] hrr =0. (5)

where and in what follows the upper (lower) sign refers
to the right(left)-handed polarization.

By further assuming that the time and spatial vari-
ations of the FDM scalar background are small com-
pared with the typical GW frequency and wavenumber,
we can take advantage of the famous eikonal approxima-
tion [58, 60] to compute the GW waveform corrections
induced by the FDM profile. Concretely, we consider
the GW solution of the form hg 1, = h%yLeis, where A ;.
are slowly-varying GW amplitudes for both polarizations
while the phase S dominates the GW evolution. Accord-
ing to the general rules of the eikonal approximation, we
can define the following GW frequency and wavenumber

w=—0S/0t, k =0S/dx". (6)

Since the GW propagates along z-axes by assumption,
only k, = k is nonzero. The dispersion relations for both
polarizations are given by

D* = (@ =) [1 3 S (0.0 + koro)|
12 [ + #)0,0.0 + wk(926 + 076)] = 0(7)

Due to the presence of the imaginary part in Eq. (7), the
GW frequency and wavenumber would, in general, be
complex. In the literature, the real (imaginary) correc-
tion to the GW dispersion relation is often referred to the
velocity (amplitude) birefringence, as it usually leads to
the different modifications to left- and right-handed GW
propagating speed (amplitude). It is interesting to note
that the imaginary part in Eq. (7) is one-order smaller
than the real correction in the limit 9; .¢/w, k < 1, so
that we can consider them separately.

A. Velocity Birefringence

We now take into account the real part of the disper-
sion relations in Eq. (7)

Di = (W = k) [1 F (a/k) (w00 + kD)) =0, (8)

which determines the GW velocity and direction in the
FDM field ¢. It is clear that w = k is always a solution to
Eq. (8)', which indicates that GWs of both circular po-
larizations propagate with the speed of light, regardless

L Tt seems that there is another solution to Eq. (8) with w =
[—kOtdpFK/a]/(0-¢). But this solution cannot continuously con-
nected to the vacuum one w = k and should be ignored.



of the presence of the FDM background. We can fur-
ther check this by calculating the GW paths under the
influence of a nontrivial ¢ profile

de’  ODg/Ok

dt —  9D%/ow 7

dk;  OD%/0x" dw  9D%/O0t 0. @)

dt — 9Di/ow 1 dt  9DE/dw
where we have used w = k to simplify the these for-

mulae. It is clear from Eq. (9) that the FDM does not
induce any velocity birefringence and both GW polar-
izations still follow the straight line. Also, the GW fre-
quency and wavenumber would remain the same during
its propagation in the galactic FDM halo.

B. Amplitude Birefringence

In this subsection, we shall turn to the full dispersion
relation in Eq. (7) by including the imaginary part, which
might lead to the GW amplitude birefringence. Following
the general rules of eikonal approximation, we obtain

dz'  0D*/0k;
dt OD* /0w
~ {1+i(a/r)[20,0.0 + (026 + 029)]}5"
dk; OD* /ox
dt OD* /Ow
Fi(aw/2kK) [28t8z(9i¢ + 020;0 + (9351'(25} )
dw oD* /ot
dt OD* /Ow
~ Fi(aw/2k) [2070.¢ + 0,026 + 076] ,  (10)

Q

where we have kept only the leading-order contributions
and set w = k to make our expressions simpler. For the
GW path in which x%() is the function of time ¢, we can
define the following total derivative of the scalar field

. do dx?

¢ = T —at¢+az¢ﬁ ~ 09+ 0.0, (11)
where we have used the leading-order GW velocity
dz'/dt = §i. Hence, we can integrate the GW wavenum-
ber and frequency over time ¢ in Eq. (10) to obtain the
following corrections

Ak; = Fiowdid)/(2k), Aw = tiowd,d/(2k).(12)

As a result, the GW phase S varies as

to Xo
AS = —/ ther/ dz' Ak;
t X

e e

= Fiow(do — ¢e)/(25), (13)

where the subscripts o and e represent the field val-
ues when GWs are observed and emitted, respectively.

Therefore, the GW waveform would modify according to
P, = e’ = B exp (Faw(dy — d)/(24)) (14)

which clearly manifests the GW amplitude birefringence.

C. Opbservational Signatures

GW birefringence has been widely studied in the liter-
ature, but earlier explorations usually assumed a homo-
geneous scalar background in the CS gravity. Given the
complicated FDM distributions in our galaxy, it is gener-
ally expected that the induced GW birefringence would
exhibit new signatures.

Typically, the FDM mass is taken to be mg ~
0O(107%22 eV), and the corresponding de Brogile wave-
length of O(1kpc). Recent precise numerical simula-
tions [45-47] have shown that the clustering of such light
FDM particles could form a core of flat density profile
around the center of a MW-like galaxy, and suppress the
formation of small structures, which could solve many
problems faced by the cold DM [61]. However, outside of
the core, the FDM density transits into the conventional
Navarro-Frenk-White (NFW) profile [62]

% <1 + ;)2] B . (15)

where 75 and pg are two characteristic parameters. Thus,
the local FDM field can be well estimated by [63]

V2pNFW

o(t,x) =
mg

which could reproduce the above NFW density distribu-
tion. Here a(x) is a position-dependent random phase,
which accounts for the incoherently fluctuating granular
structures seen in simulations.

Now we concentrate on the GW propagation inside the
MW, and postpone the discussion of the extra-galactic
effects to the next section. Hence, we can take ¢,
and ¢, in Eq. (14) to be the field values just outside
our galaxy and around the Sun, respectively. However,
the FDM density out of the MW can be estimated as
ppM = 0.265p¢,i¢ [64], which is nearly six orders smaller
than pe = 0.4 GeV /cm? around the Solar system. Hence,
the birefringence effect from ¢, in Eq. (14) should be
greatly suppressed and thus ignored. It turns out that
the GW magnitude birefringence only depends on the
local FDM property ¢, near the Earth, giving us the
following observed GW waveforms

B2 (f) = KO (f) x exp (i

pNFW (1) = po

cos (myt + a(x)) , (16)

KA f
17
1Gpe 100Hz> - (47
where hg, 1 (f) can be viewed as right- and left-handed

the GW waveforms predicted by GR, while the opacity
parameter is defined by

KA = Tady/k . (18)




From Eq. (11), b, is the sum of the following local time
and spatial derivatives of the FDM field near the Sun

¢ = \/2pesin (mgt + ag) ,
0.¢ cos(k, )00, (19)

where R ~ 8kpc and «p denote the radial galactic dis-
tance and the local field phase at the Solar system, re-
spectively. The factor cos(k,r) comes from the projec-
tion of the radial derivative of the FDM field 9,¢ onto
the GW propagating orientation k with

56 = V/pa/2 (1+3R@/rs

m¢R@ 1 —|— R@/Ts

Q

) cos(mgt + ap) . (20)

However, for a FDM with mg ~ 10722 eV, it is generally
expected that the time variation of the field profile dom-
inates over the birefringence due to 0;¢/0r¢ ~ mgRe ~
O(10%). Therefore, the opacity parameter can be ex-
pressed as

ka =~ (Ta/K)\/2pe sin(myt + ap) . (21)

Compared with the conventional signals studied in the
literature, our predicted magnitude birefringence induced
by the FDM shows several novel features. Firstly, it is
obvious from Eq. (17) that, due to its local nature, the
birefringence factor is only a function of the GW fre-
quency, without any dependence on the GW event dis-
tance, which is distinguished from the earlier results in
[24, 28, 32, 34, 36]. More significantly, our proposed bire-
fringence in Eq. (21) exhibits a remarkable time variation
with the period directly reflecting the FDM mass. For ex-
ample, if the mass is taken to be 10722 eV, the oscillation
period corresponds to 1.3 year, which can be viewed as a
smoking gun of this FDM-generated GW birefringence.

IV. EXTRA-GALACTIC CONTRIBUTION TO
GRAVITATIONAL WAVE BIREFRINGENCE

Beside the amplitude birefringence induced by the
FDM in the MW, there is an additional contribution from
the extra-galactic FDM field. One might worry that this
contribution might affect or even govern the birefringence
signal since it might be enhanced by the GW travel over
an astrophysical distance. In order to investigate this im-
portant issue, we shall study the GW movement in the
following cosmological FDM background [65, 66]

d(t) = ¢o (a0/a)*? cos(mgt + o), (22)

where ¢o = /2ppm/me, . and ag are the FDM field
amplitude, phase and present-day scale factor, respec-
tively. Note that the field amplitude and phase should
change at different spacetime point, with the typical scale
being the inverse of the de Broglie wavelength mgv. For
a small FDM velocity v < 1, such variations can be ig-
nored compared with the dominant oscillation frequency

mg. Hence, we shall use the homogeneous FDM profile

in Eq. (22) to perform the following calculation. Also,

we will set ap = 1 for simplicity. The associated GW

equation can be deduced from Eq. (2) as follows

Dhn = -2 | L7 — omeo.hy . — #0600
RL=E—s a2(¢ ¢')0:hg 1, — ¢'00:hr 1| ,

(23)

which leads to the following dispersion relations for both
circularly polarized modes

oW

w=k+ A~k —iHw/k + (" —2H¢"), (24)

2ra?
up to the leading order in the eikonal approximation.
For the FDM scalar with mg ~ 10722 eV, the mass
scale is much larger than the cosmological expansion rate
characterized by H. Thus, we expect that the time in-
tegration in the birefringence factor ¢S = =@/ dnAw™
should be dominated by the rapidly oscillating term in
¢"”. As a result, the phase correction generated by the
extra-galactic FDM background is given by

AS ~ +1i (%) Vv 2ppm sin(mgt + ac) , (25)

in which we have taken the small redshift limit with all
scale factors being a =~ 1. Hence, the FDM outside of the
MW would give the following amplitude birefringence

G f
2
1 Gpe 100Hz> . (20)

where k% = am/2ppum sin(met + a¢)/k. In comparison
with Egs. (17) and (21), it is obvious that the birefrin-
gence effect is overwhelmed by the galactic FDM compo-
nent due to its enhanced DM density in the MW, which

is evident by [ka/k5| ~ \/po/ppm ~ O(10%).

() = BL(f) exp (i

V. CONCLUSIONS AND DISCUSSIONS

The FDM is a promising DM candidate which can
possibly solve many problems faced in the sub-galactic
scale. If such a FDM can be identified as an axion-
like particle with an additional gravitational CS coupling,
GWs are expected to show the parity-violating birefrin-
gence phenomena when propagating in the nontrivial
FDM background. Especially, provided the complicated
granular structures displayed in recent simulations, we
are led to considering the GW propagation in a general
spacetime-dependent FDM field profile. By using the fa-
mous eikonal approximation, we find that GWs do not
exhibit any velocity birefringence in the CS gravity, no
matter if there is a FDM background field. However,
the inclusion of the imaginary part in the GW disper-
sion relations gives rise to the amplitude birefringence,
i.e., one circular polarization is enhanced whereas the



other suppressed. Due to the local nature of this galac-
tic birefringence, the obtained effect only depends on the
GW frequency without any reliance on the GW event dis-
tance. More remarkably, such amplitude modifications of
the left- and right-handed polarizations oscillate in time
with the period controlled by the FDM scalar mass. Also,
we have considered the extra-galactic FDM-induced con-
tribution to the GW birefringence, which can be safely
neglected since it is suppressed by the corresponding cos-
mological DM density.

Currently, the existing LVK GW data already allows us
to constrain the predicted FDM-induced amplitude bire-
fringence. By including the associated birefringence fac-
tor in Eq. (17) into the left- and right-handed GW com-
ponents, we can compare the obtained waveform model
against the whole set of compact binary events [28, 33, 34]
or the binary neutron star merger GW170817 with a
multi-messenger approach [32]. Nevertheless, as empha-
sized before, the birefringence factor produced by the
FDM is only a function of the GW frequency and does not
rely on the GW propagation distance, which is a novel
signature and requires a new fit to the LVK datasets. We
can estimate the bound on x4 to be of O(0.01 Gpc) based

on previous investigations in Refs. [28, 32-34],. More sig-
nificantly, if the obtained x4 for each event shows the pe-
riodic time dependence, this would further support the
FDM origin of the GW birefringence as the period re-
flects the FDM mass. However, a detailed discussion of
the data-analysis issue is beyond the scope of the present
paper, and we would like to postpone this exploration to
a future work.
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