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Cosmic slowing down of acceleration with the Chaplygin-Jacobi gas as a dark fluid
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A particular generalization of the Chaplygin inflationary model, using the formalism of Hamilton-Jacobi
and elliptic functions, results in a more general non-linear Chaplygin-type equation of state (Chaplygin-Jacobi
model). We investigate the implementation of this model as a dark energy (DE) fluid to explain the recent accel-
eration of the universe. Unlike ACDM and other Chaplygin-like fluids, where the final fate of the universe is an
eternal de Sitter (dS) phase, the dynamics of this model allow for the possibility of a decelerating phase in the fu-
ture, following the current accelerating phase. In other words, a transient acceleration arises, accounting for the
recently claimed slowing down phenomenon. This Chaplygin-Jacobi model shows important differences com-
pared to the standard and generalized Chaplygin gas models. Additionally, we perform a Markov Chain Monte
Carlo (MCMC) analysis using several datasets, including Type Ia Supernovae (Snla), Cosmic Chronometers
(CC), and Fast Radio Bursts (FRBs), to examine the observational viability of the model. Our results indicate
that a transient phase of accelerated expansion is not excluded by current observations.

I. INTRODUCTION

One of the greatest challenges in modern science is understanding the universe, particularly its origin, evolution, and final
fate. In this regard, the hot big bang (HBB) cosmology, based on four-dimensional General Relativity (GR) [1], has been widely
accepted as the standard paradigm describing how the universe expanded from an initial singularity. During the longest part of its
lifetime, the universe has undergone a decelerating expansion, being dominated first by radiation and then by matter. However,
the cosmic history includes two phases of accelerated expansion: one at very early times and another at late times. The first
accelerating phase corresponds to inflation, which supplies an explanation of the observed large scale structure (LSS), as it
provides the primordial, almost adiabatic and scale-invariant perturbations that undergo gravitational collapse to form galaxies
and clusters of galaxies [2]. The second accelerating phase corresponds to the current cosmic acceleration, which is supported
from a large number of observational evidence [3—8], which also indicates that our universe is spatially almost flat, and currently
dominated by dark energy (DE) and cold dark matter (DM). The accelerated expansion of the present universe is attributed to
DE, which is an exotic component having negative pressure, such as the cosmological constant A [9-11]. The ACDM model,
has proven to be successful in explaining a wide range of cosmological observations [3-8]. Despite its success, it faces several
challenges, namely: (i) the cosmological constant problem [12, 13], (ii) the cosmic coincidence problem (or the so-called “why
now” problem) [14, 15], and more recently, (iii) the tension between measurements of the Hubble parameter H [16, 17] and
(iv) the Ss tension (Sg = o5/, /0.3) [18].

Several approaches have been proposed to address ACDM problems. They generally fall into two groups: one modifies
GR, while the other, dynamical DE, involves models where the properties of DE vary over time, unlike in the ACDM. Several
candidates for dynamical DE have been studied in recent years, including the Chaplygin gas (CG). For a review of DE models,
see Refs. [19-22]. The CG’s equation of state (EoS) has a connection with string and brane theories [23, 24], and it can admit a
supersymmetric generalization [25]. Chaplygin cosmology can be understood as the study of the dark sector through a CG fluid

that satisfies the relation p = —% [26-28], and its generalizations, like the Generalized Chaplygin Gas (GCG) with an equation
of state p = —p% [23, 29], where p represents pressure (assumed to be negative to produce an accelerated stage at late times), p

is the energy density, and B is a positive constant (to ensure p < 0) and 0 < « < 1. These models belong to the unified models
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class, which provide a description of the matter-dominated era and the late accelerating era with only one component rather than
two (for other unified models, see e.g. [30, 31]). However, observationally, the CG model has shown problems with instabilities
in their corresponding trajectories [32] and when tested with various observations, such as Type Ia Supernovae (Snla) , X-ray
gas mass fraction of clusters, and Hubble rate-redshift data [33-37]. However, although the GCG model is in agreement with
background observational data [33-38], it suffers from an unexpected blow-up in the matter power spectrum caused by adiabatic
pressure perturbations [39]. This undesired effect can be avoided if some kind of non-adiabaticity is introduced in the model
(see e.g. [40]). Moreover, in recent years, several GCG modifications or generalizations have been proposed to study the dark
sector. Among others, some of them are the modified Chaplygin gas (MCG) [41, 42], the new generalized Chaplygin gas (NCG)
[43], and viscous generalized Chaplygin gas (VGCG) [44, 45]. For recent observational results involving those models, see e.g.
[46].

Recently, a further generalization has been proposed through the Hamilton-Jacobi formalism in the inflationary context by
means of elliptic functions [47]. This led to the development of a more general Chaplygin-like EoS, which we will refer to as
Chaplygin-Jacobi Gas model (CJG). The CJG EoS is expressed as follows:
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In the above equation, k represents the modulus of the elliptic function, and & = 1 — k is the complementary modulus. It is
noteworthy that the GCG is obtained with £ = 1 and B > 0. In recent years, the CJG has been studied in contexts different from
this work [47-53].

Considering that Chaplygin-like fluids offer an interesting framework to study phenomenology beyond the ACDM, the main
goal of the present work is to explore the viability of the CJG for describing the late universe. First, we integrate the balance
equation and find its solutions for the energy density, pressure and EoS parameter. Then, we perform an analysis of its parameter
space to find the region in which physical solutions are possible. After obtaining an analytical solution for the Hubble rate, and in
order to compare the background evolution of the CJG with that of the ACDM model, we introduce parameters where derivatives
of the scale factor beyond the second-order appear. To this end, one option is to study the so-called statefinder parameters, r and
s, defined as follows [54, 55].
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where the dot denotes differentiation with respect to cosmic time ¢, H = @/a represents the Hubble rate, and ¢ = —d/(aH?)

denotes the deceleration parameter. It is worth noting that the statefinder parameters involve third derivatives of the scale factor
with respect to cosmic time, in contrast to the Hubble rate and the deceleration parameter, which are expressed in terms of the
first and second time derivatives of the scale factor, respectively. Statefinder analysis serves as a diagnostic tool for understanding
the dynamics of the universe’s expansion. These parameters are computed for our specific DE model, and as we will discuss
later, r and s can differ significantly from ACDM even if they predict very similar expansion histories.

While emergent cosmology may not realize a unified model like most CG-like models, it offers a phenomenology with
interesting results distinct from those of the CG model and its generalizations, particularly in future times. As is expected for any
DE model, a fluid satisfying the relation (1) is subdominant in a multi-component universe during early times. This accurately
reproduces a radiation-dominated era followed by a matter-dominated era, resulting in a decelerating universe. Subsequently,
the DE fluid dominates, leading to an accelerating phase. However, a specific region in the parameter space permits a transient
acceleration-deceleration in the future, indicating the possibility of a decelerating phase following the current accelerating phase.
This phenomenon is commonly referred to as the cosmic slowing down of the current acceleration. DE models with a constant
EoS like ACDM or the wCDM cannot exhibit the slowing down feature [56], as they predict a de Sitter (dS) phase as the final
fate of the universe. However, depending on the set of parameters, some DE models, especially those with dynamical EoS
or parametrizations like the Chevallier-Polarski-Linder (CPL) model and others, allow for this possibility (see e.g. [56—60]).
Here, we demonstrate that a universe with a fluid satisfying the relation (1) as DE can also exhibit the slowing down behavior.
Additionally, we conduct a data analysis to investigate whether recent astronomical and cosmological observations support this
transient behavior in the context of the CJG. To achieve this, we utilize the latest supernova (Snla) Pantheon + data and Cosmic
Chronometers (CC) data. Furthermore, we incorporate observations from Fast Radio Bursts (FRBs) into our tests, as they have
recently been shown to provide an interesting complement to other cosmological probes.

Our work is organized as follows: after this introduction, in Section II, we derive solutions for the energy density, pressure,
and EoS parameter. Next, we conduct an analysis of the parameter space to determine the sub-regions where physical solutions
are feasible and the sub-regions where the slowing down phenomenon appears. In Section III, we delve into the background
cosmological dynamics of the CJG in a multifluid context. This includes obtaining an analytical solution for the Hubble rate



H(z) as a function of redshift and introducing the deceleration and Statefinder parameters tailored for the CJG. In Section IV,
we present the data and relevant equations for the implementation of the MCMC analysis. In Section V, we present the results
of the MCMC analysis and evaluate numerically the cosmic evolution of the CJG against redshift, comparing these results with
those of the ACDM model. Finally, we summarize our findings and present our conclusions in Section VI. Throughout our work,
we adopt the mostly positive metric signature (—, +, +, +) and utilize natural units where ¢ = h = 1.

II. CHAPLYGIN-JACOBI DARK ENERGY

As mentioned before, the Hamilton-Jacobi formalism allows for obtaining a particular generalization of the Chaplygin infla-
tionary model through elliptical functions, resulting in a more general Chaplygin-like EoS parameter [47]
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where k' = 1 — k, and «, B and k are constants with 0 < k < 1 and 0 < k£’ < 1. In principle, the EoS in (1) reduces to a GCG
case when k = 1, B > 0and 0 < « < 1. The case where B > 0, k = 1 and o = 0 reproduces ACDM. There is no other
case in which one can obtain the MGC, NCG, or another Chaplygin-like EoS. In the GCG context, only the first term in Eq.
(1) appears. Then, for B > 0 and 0 < o < 1, the pressure is always negative, allowing an explanation for the late accelerated
expansion of the universe. However, the CJG has two additional contributions to the pressure. The second term of Eq. (1) is
always negative, but the first and third terms always have opposite signs. For instance, for B > 0, the first term is negative and
the third term is positive, while for B < 0 the behaviour is reversed. Eventually, depending on the parameter space, the positive
term might dominate and the pressure might become less negative, opening the the possibility of a slowing down of the cosmic
acceleration. This becomes more evident when looking at the energy density and pressure as functions of the scale factor. Let
us first consider one universe dominated by a fluid with an EoS as in Eq. (1) and solve the energy balance equation.

In the context of a universe described by the Friedman-Lemaitre-Robertson-Walker (FLRW) metric, the energy balance equa-
tion for an EoS given by Eq. (1) reads:
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where a is the scale factor of the homogeneous and isotropic metric and a dot denotes differentiation with respect to cosmic
time. This equation can be integrated directly, resulting in

1
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where A is an integration constant. If B = p(l)"’o‘Bs, this last equation can be conveniently rewritten as
1
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and the integration constant A is determined by the condition p = pg at the present time, so that
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Notice that the energy density spans a three-dimensional space of parameters. Accordingly, the pressure of the CJG as a function
of the scale factor can be computed by replacing Eq. (9) into Eq. (1). Although, in principle, solution (9) has a three-dimensional
space of parameters

M = {(a,Bs,k)/a€R,B; e R,0< k <1}, (10)

some regions of this space can lead to singularities, divergences in the past, or negative densities, resulting in non-physical
solutions across the entire space .#. However, certain sub-regions of .Z allow solutions without these problems. Let us find the
sub-regions in ./ where we can have physical solutions for the model.



A. Physical solutions

From a physical standpoint, we impose that the energy density must always be positive and that there are no singularities
within the interval 0 < a < 1. For convenience, it is better to analyze two different regimes for the parameter a: (i) « +1 < 0
and (ii) « + 1 > 0. Let us analyze each case separately

1. Casea+1<0

For o+ 1 < 0, we have —(« + 1) > 0. Then, the energy density in Eq. (9) can be rewritten as
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In that case, a singularity happens for
1
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To avoid any singularity in 0 < a < 1, a. must be outside of this interval. One possibility is to have a. et ¢ R and ac > 1.

This condition is possible only if the second term in Eq. (12) is always positive, i.e., for By > 1. Therefore, we have the first
sub-region with physical solutions

M =A{(a,Bs, k)/Ja < —1,B; > 1,0 < k < 1}, (13)
Another possibility is that a. 3(at1) ¢ R and a, < 0. This occurs only when —’% < B < 1. Nevertheless, in the past, when
a < 1, we have the limit
p7(1+a) _ p—(1+a) 1 (14)
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where the expression in parentheses is negative for By < 0. We then discard negative values, identifying another sub-region
Ny C M with physical solutions, such that

Ny ={(a, Bs, k) Jao < —1,0 < By < 1,0 < k < 1}. (15)

2. Casea+12>0

In the case where oo + 1 > 0, Eq. (9) has a singularity at
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As in the previous case, to avoid a singularity in 0 < a < 1, we have the conditions (i) a. > 1 and (ii) a. < 0. In each case, we
divide the analysis into two parts: for Bg > 0 and for Bg < 0. In condition (i), the second term on the right side of Eq. (16)
must be negative, which for B, > 0, only occurs when k' + Bsk < 0. However, this condition never holds when B, > 0.
On the other hand, for B, < 0, the second term on the right side of Eq. (16) is negative when k' + B,k > 0, which is true if
f’% < Bg < 0. Consequently, we identify another sub-region //3 C ./ with physical solutions, such that
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At this point, it is worth mentioning that B, being negative is not a problem. Unlike in other Chaplygin-like cosmologies where
the first term in Eq. (1) has to be negative, in the CJG context this term can be positive, while the third term is negative. The
three terms together can ensure the negativity of the entire expression in Eq. (1). Additionally, notice that for early times, i.e.,
a < 1, we have that

1
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which is perfectly compatible with negative values for Bs. Moreover, for Bs > 0, condition (ii) is satisfied when 0 < &'+ Bk <
Bs, which is the case for B; > 1. However, positive values are not allowed by the limit in Eq. (18). Finally, for By < 0, condition
(ii) is satisfied when Bg < k' + Bgk < 0, which is valid for B, < —’%. Therefore, we also have physical solutions in the
sub-region A C . such that

/
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Summarizing, we have physical solutions in
N =MUNUNU Ny (20)

We remark that the density is always positive in /. Additionally, unlike CG, GCG, MCG, NCG, and VCG, the limit in the past
for CJG (Egs. (14) and (18)) does not correspond to a matter component. This implies that CJG cannot be used as a unified
model.

B. Conditions for cosmic slowing down

The cosmic acceleration is usually attributed to the dominance of a negative pressure component. For instance, in the ACDM
case, where p = —p, the pressure is always negative, and acceleration will extend forever, driving the universe towards a de
Sitter phase as a final state. The same fate is predicted by GCG and other Chaplygin-like models. However, for the CJG model,
depending on contributions to the pressure, this can be less negative, thereby opening the possibility of a decelerating phase
immediately after the present accelerating phase. Consequently, it is interesting to check the existence of transient acceleration
in the sub-region /. To this end, we need to start with the following expressions for the deceleration parameter and for the
relation between the Hubble function and a general EoS parameter w(z)

14 2dE ) 1+ w(Z)
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where E(z) = H(z)/Ho and H = £ is the Hubble rate. A transition between accelerated and decelerated phases requires a

switch to a negative slope in the deceleration parameter, i.e., % < 0. Using Egs. (21), it is possible to express this condition in
terms of the EoS parameter (see [56] for details). This leads to the conclusion that slowing down acceleration requires at least
the following condition to be met [56]:

W . @)
dz
Clearly, the ACDM and wCDM models do not predict cosmic slowing down [56]. Similarly, the GCG, MCG, and NGC models
also predict a final de Sitter phase for the universe, unlike the CJG model. Thus, we need to determine under which conditions a
different fate from the de Sitter phase will occur in the model studied.
The EoS parameter w as a function of the scale parameter can be found using Eqs. (4) and (9), which results in
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In the appendix, we present a detailed evaluation of the condition in Eq. (22). The results indicate that cosmic slowing down is
possible in .47 and Aj.

III. COSMOLOGY OF THE CJG

Here we study a cosmological model based on the results from the previous section, using the CJG fluid as the DE component.
First, we assume the cosmic substratum to be dynamically dominated by a mixture of radiation (r), pressureless dark matter (m),
and a DE component (de). Radiation and matter are modeled by barotropic fluids with EoS parameters w, = 1/3 and w,,, < 1,
respectively. The DE energy component comes in the form of a CJG fluid with EoS (1).

In General Relativity, the Friedmann equation for a homogeneous, isotropic, and spatially flat three-component universe is

3H? =87 G(py + pm + pde) - (24)



Here, p,, pm, and pg. are the radiation, pressureless dark matter, and DE densities, respectively. Moreover, energy conservation
is satisfied by all the components separately

pi +3H(pi +pi) =0, (25)
where i = r,m,de. As it is well-known, solutions of Eq. (25) for radiation and matter are found to be p, = p.oa—* and
Pm = Pmoa >, respectively. For DE, the solution is given by Eq. (9). The sub-index “0” denotes the current value of any given
quantity.

The past evolution is restricted by the necessity of a radiation and matter-dominated epochs to guarantee, for instance, the
Big Bang Nucleosynthesis (BBN) and cosmic structure formation. To be a viable DE model, the CJG must be subdominant
in the past, reproducing correctly a radiation domination era and subsequently, the matter domination era giving a decelerating
universe. In recent times, the DE fluid must dominate to give rise the accelerating stage of the universe. A fluid with EoS given
by (1) and within a subspace of parameters ./ reproduces all these points properly, as can be observed in Fig. 1 (left side),
where the fractional densities are shown as a function of redshift. In all cases, the blue curves represent radiation, the red ones
represent matter, and the black curves represent DE fluid. For the dot-dashed curve, parameter values are €2,,0 = 0.30, a = 0.1,
B, = —0.6, k = 0.43, corresponding to a point in /3. For the solid line, we used €2,,,0 = 0.30, « = 1.3, B, = —1.4, k = 0.46,
corresponding to a point in ./#;. For the sake of comparison, we also plotted the corresponding functions in the ACDM model
using the same colored dashed curves.

FIG. 1. Fractional densities for radiation, matter and DE (left) and deceleration parameter (right) as functions of redshift for different sets of
parameters in the sub-region /" (described in the text) for CJG and ACDM cosmologies.

On the other hand, the Hubble rate can be written as a function of the scale factor a. However, it will be more useful to have
the dimensionless Hubble rate as a function of z

1
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where we have used the fact that each energy density is usually expressed in terms of the dimensionless density parameter,
defined as Q; = p;/per With p.,. = 3H?/(87G) being the critical density.

Having obtained the analytical expression for F(z), we may proceed to analyze our model using the statefinder diagnostic.
It will be useful to express these parameters in terms of the dimensionless Hubble rate and the redshift z. The cosmic times
derivatives are written as redshift derivatives according to

d d dz da d
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In this way, the set of statefinder parameters becomes
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Accordingly, upon replacement of Eq. (26) into Eqs. (27)-(28), the specific expressions for the Statefinder parameters are
obtained (not shown) and will be plotted in Section V using the best-fit values. Furthermore, we compute the effective EoS
parameter w, ¢ s for our CJG cosmological model, which encodes information about the universe’s composition, the evolution of
its energy density, and the dynamics of its expansion. The general expression for w. s depends on the first derivative of £2(z)
with respect to the redshift z as follows
1+ 2zdE?
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Thus, by replacing Eq.(26) into (29), w, ¢ ¢ for our specific CJG model is found (not shown).

As discussed above, for a universe dominated only by a CJG, a particular region in the subspace of parameters allows for tran-
sient acceleration-deceleration in the future. This feature must remain when a more realistic model of the universe is considered,
including radiation and dark matter. Therefore, the future cosmological evolution within the framework of CJG may be very
different from a de Sitter phase. This is shown in Fig. 1 (right side), where several curves for deceleration parameter as a function
of redshift were plotted for different sets of parameters. The dashed dark curve on the right side of Fig. 1 represents the case for
for ACDM, in which, as it is known, the accelerated expansion will continue forever. The green curve, which corresponds to the
set 2, =0.3,« = 1.1, B; = —0.81 and k£ = 0.55, also indicates accelerated expansion forever. However, the last two curves,
the blue one for 2,,, = 0.3, « = 0.1, By = —1.5, and & = 0.43, and the orange one for (),,, = 0.3, « = 0.8, B, = —1.41, and
k = 0.42, exhibit a transition between an accelerated and a decelerated phase in the future. In all the curves, the transition from
a decelerated evolution during the matter-dominated epoch to an accelerating phase in the past can be observed.

The possibility of future transient acceleration is not new. In the past, evidence was found for a slowing down of the expansion
rate of the universe, or equivalently, for an increase in the deceleration parameter at redshifts close to the present epoch z ~ 0
[57, 61-65]. More recently, this possibility has been explored in light of recent data [58-60, 66, 67]. In fact, over the last few
years, several authors have discussed the possibility that the accelerated expansion might be a transient phenomenon, i.e., that
there might be a transition back to decelerated expansion [68—70].

So far, we have explored the concept of cosmic slowing down with a CJG fluid from a theoretical standpoint. However,
in recent years, a large amount of cosmological data has emerged, enabling very precise statistical tests. In the next section,
we will use different probes to study the viability of a CJG as dark energy and what the data can tell us about the cosmic
slowing down in the CJG framework. In this regard, several quantities describing the background evolution, such as the Hubble
rate , the deceleration parameter, and the statefinder parameters, will be evaluated after obtaining the best-fit values from the
aforementioned observational analysis.

IV. DATA

In Section II, the regions in the parameter space where the model has physical solutions were limited by imposing physical
conditions on the fluid density (9). In this section, we will utilize current observational data to estimate the free parameters and
their associated error bars. Through this process, we aim to determine the region in the parameter space where a model based on
CJG could be compatible with observations. We will utilize cosmic chronometers (CC), Type Ia Supernovae (SNIa), and Fast
Gamma Ray Bursts (FRBs) datasets, along with their joint analysis, to perform a MCMC study. Implementations were carried
out using the publicly available Python package Polychoxrd [71]. Now, let us briefly describe each of the datasets used.

A. Cosmic Chronometers

The Hubble rate is the quantity that most directly characterizes the expansion of the universe. Over the last few years, its
measurement has advanced significantly, and currently, there are two well-known methods to obtain H (z) data. The first method
utilizes the differential age of galaxies and is referred to as cosmic chronometers (CC) [72—75]. The second method measures the
peaks of the baryon acoustic oscillations (BAO), observing the typical acoustic scale in the line-of-sight direction [76-79]. The
CC technique relies on measuring the age difference between two ensembles of passively evolving massive galaxies at slightly
different redshifts, from which one can determine the derivative of redshift with respect to cosmic time [72]. This method has
the advantage of avoiding systematic errors that arise when measuring the absolute ages of individual galaxies, instead allowing
the measurement of the relative age difference between them. In a homogeneous and isotropic universe, the Hubble parameter
and the derivative of redshift with respect to time are related by

Lode 1 Az
14+2zdt~  14+2zAt

H(z) = (30)

Since the CC method does not rely on a particular functional form of the expansion history or spatial geometry, it can be
regarded as a model-independent method. On the other hand, the BAO approach is based on the relation between H (z) and the



comoving differential radial distance. This method requires knowledge of the comoving BAO scale (rgao), which is derived
from CMB measurements. This fact makes this probe not entirely cosmology-independent, as typically, in the derivation of the
sound horizon scale from CMB, a cosmological model is assumed [80]. Therefore, in this work, we have chosen to use the 31
measurements of the Hubble parameter H (z) via the CC method, compiled in [81].

To estimate the region of parameters compatible with the CC dataset, we need to evaluate the likelihood function

(Hi _ cheo<zi))2
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where H; represents each of the individual measurements of the sample considered, o, represents the uncertainty for each H;,
and H*"e° represents the set of Hubble parameters calculated from Eq. (26).

B. SNIa

Type Ia supernovae (SNIa) constitute a distinct and significant class of stellar phenomena, emerging during the terminal phases
of stellar evolution and culminating in a catastrophic explosion that disperses stellar material into the cosmos. Given that SNIa
are exceptionally bright, they can be detected at large cosmological distances and are sufficiently common to be found in large
numbers. In fact, they have been crucial for mapping the cosmic expansion of the universe. The evidence for the accelerated
cosmic expansion came from SNIa data analysis [3, 4].

For the cosmological analysis, the SNIa light curves must be standardized [82] to correct variations in brightness and other
factors. This standardization ensures that their luminosities can be used as reliable distance indicators through the distance
modulus equation [83]

w=mp+axry — Bc— M, 32)

where o and 3 are parameters that relate stretch x; and color ¢ to luminosity. M and m; are the fiducial magnitude and the
light-curve amplitude of the supernova, respectively. With this data, the x? method is applied:

—

—2Un(Zenta) = x> = ADTCLL 4yt AD, (33)

being C;., +syst the combined statistical and systematic covariance matrix, and D, the vector related to the distance module
residuals, computed from

ADi = Wi — Nmodel(zi) . (34)

Here, ptimoder(z:) = 5log(dr(2;)/10 pc) is the theoretical distance modulus estimated from the host galaxy redshift and the
luminosity distance dr,, which considering a spatially flat universe, is given by

Z/

dn(z) = (14 2) c/oz et (35)

In this paper, we constrain the CJG cosmological parameters using the Pantheon+ dataset, which comprises 1701 data points.
This dataset combines SNIa samples, including those located in galaxies with measured Cepheid distances [84].

C. FRBs

Fast Radio Bursts (FRBs) are intense pulses in the radio spectrum originating from cosmological distances, characterized by
an extremely short duration (a few milliseconds). In recent years, they have emerged as interesting complementary cosmological
probes. Discovered in 2007 [85], hundreds of bursts have been reported so far. While their progenitors remain unknown (for
some progenitor models, see e.g., [86—-88]), 24 have been localized, allowing determination of their host galaxies and redshifts.
In this study, we perform our calculations on a subset of these FRBs, compiled by [89], excluding the nearest FRB, named
FRB200110E, as it carries little cosmological information. An FRB pulse is dispersed by the intergalactic medium during
its path to the observer, generating a time delay between different radio frequencies that compose the observed signal. This



dispersion is quantified by the dispersion measure DM, which is related to the column density of free electrons n. along the
FRB line of sight [, weighted by redshift as

Ne
DM:/(1+Z)dl. (36)

From an observational point of view, the observed dispersion measure DM, is expected to have four different contributions,

such that

DMhost
(1+2)’

DMobs = DMisy + DMpalo + DMigum + (37)
The first two terms come from the intergalactic medium, and the last two come from the extragalactic medium. DMjgy; cor-
responds to the Milky Way interstellar medium contribution, DMy, is related to the Milky Way galactic halo, DM;qy is the
contribution from the intergalactic medium (IGM), which incorporates the cosmological dependence, and DMy, is the host
galaxy component corrected with (1+ z)~! to account for cosmological expansion for a given FRB source at redshift z. DMjgy
is calculated using galactic electron distribution models (NE2001 [90] or YMW16 [91]). Since recent works have claimed that
the YMW 16 model may overestimate DM;igys at low Galactic latitudes [92], we use the NE2001 approach. DMy, has been es-
timated to be in the interval 50 < DMpa1, < 100 pc.cm™3 [93]. However, to be conservative, we assume DMy 10 = 50 pc.cm ™3
as in, for example, [94].

The exact characteristics of the host environment and the exact contribution of DM}, for each FRB are still uncertain.
Therefore, the estimation of DMj,,¢, considers a probabilistic approach. Following [95], we use the stochastic distribution

P(DMpost) = N ((DMhost), Thost) (38)

where N is a normal distribution with a mean value (DMj,ost) = 100(1 + 2zpost) ~'pec.cm ™ and variance oot = 50(1 +
zhost)_lpc.cm_?’. On the other hand, the dominant contribution in Eq.(37) is due to DMicnm. Recently, cosmological simu-
lations have shown that the distribution of DMjg is influenced by the distribution of baryons around galactic halos and the
number of collapsed structures intersecting a given line of sight. Two different approaches have been used to take this influence
into account: the non-Gaussian [89, 96, 97] and the Gaussian [95, 98, 99] approaches. In this work, we use the Gaussian ap-
proach; however, recent studies with the 23 localized FRB data points have shown that there is no appreciable difference between
using either approaches [100]. The Gaussian approach assumes a normal distribution around the mean

3CQbH0 /Z (1 + Z/)fIGM(Z/)fe(Z/)
0

!
8rGmy, E(2) dz, (39)

(DMigm) =

with standard deviation interpolated in the range oragnm(z = 0) ~ 10 pc.cm ™2 and o1gp(z = 1) =~ 400 pc.cm~2. In Eq.
(39), fe(z) = YuXen(z) + %YHeXe7He(z). The cosmic baryon density, the proton mass, and the fraction of baryon mass
in the IGM are denoted as €2, mp, and figwm, respectively. Because both hydrogen and helium are completely ionized at
z < 3, the ionization fractions of each species are X,y = X ne = 1. Additionally, we consider an IGM with a hydrogen
mass fraction Y = 0.75 and a helium mass fraction Y, = 0.25. Moreover, several analyses have found a constant value
for the fraction of baryon mass, figm = 0.82 (see e.g., [100, 101]). Finally, in Eq. (37), DMjgum is estimated by DMigy =
DM,ps — DMigeal — DMpost (1 + z) ™1, with uncertainty given as

2
Ohost (2
oeMm(2) = \/ffobs(z)2 + Ol T+ ( }11—;(2')) ’ (40)

where 0,1 and o054 are the errors related to DM, and DMy, o¢t, respectively. Meanwhile, 01o¢a1 is the sum of uncertainties in
DMisn and DMy 1. Following [95], we approximate ojoca; == 30 pc.cm™3

In order to compute the likelihood, we must consider that every observed dispersion measure DM; at a given redshift z; is
related to a Gaussian individual likelihood through

(DM; — DM (5,))

202

Z(DM;, z) = L exp

2ol

. (41)

where DMthCO(zi) is the theoretical contribution computed as DMthCO(zi) = DMgps — DMism — DMpaio = DMiam(zi) +
DMyost (Zi), with

UQ(Zi) = UI%/IW + Uﬁost(’zi) + JIQGM (Z’L) . (42)
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Considering all events as independent, the total likelihood of the sample is

ZLrRBs = Hffi ) (43)

and the computation of the product is executed for every the 23 FRB data point.

V. ANALYSES AND RESULTS

We have implemented four different MCMC analyses using: a) the CC observational data only, b) SNIa observational data
only, c) FRBs observational data only, and d) a joint analysis including these three probes. In order to perform all analyses, we
fixed Q. = 5.38 x 107° to be consistent with CMB observations [102], and considered the following parameters as free: H,
Qm, a, Bg, and k. For consistency, we used the same flat priors in all cases, such as [65,80] for Hy and [0, 1] for ©,,,. For
a, Bs, and k, we suitably considered the sub-regions in /. Moreover, in the analyses using only SNIa and CC+SNIa+FRBs,
an additional parameter M appears. In that case, we used a Gaussian prior for M, with mean value of —19.24 and standard
deviation o, = 0.04, as suggested in [103].

Results for all four analyses are presented in Fig. 2 and Table I. All three analyses using only one probe (CC, SNIa, or FRBs)
exhibit good agreement within the 1o statistical confidence level (C.L.), indicating concordance between the CJG cosmology
in the region /" and observations. The best-fit values for the CC data and FRBs data support a de Sitter phase in the future,
while the SNIa data support a slowing-down phase. However, neither the CC nor FRBs data exclude a transient acceleration.
Nevertheless, the large error bars found for the best-fit values might limit informativeness. These error bars can be reduced in
the joint analysis, where we found Hy = 71.7713, Q,, = 0.296+0.028, o = 1.427 2. B, = —1.557072 and k = 0.41711.
The contour plots corresponding to the joint analysis are also displayed in Fig. 2, where some general features can be observed.
In general, regions with 1 + o > 0 and By < 0 are preferred by observations; i.e., the data favor the /5 U 4/} region, with
a slight trend toward #5. This can be seen in Fig. 3 (left), where the plane B,-k is shown together with the curve B, = —%
(black dashed curve) separating ./#3 (de Sitter future) and ./, (non-de Sitter future). Notice that the best-fit point indicated by x
is in the slowdown region. Moreover, there is a positive correlation between the B, and k parameters, which can be explained
by the k-dependence of the intervals for B, (see Sec. II).

Data Hy Qo Bs k «

cC 72.04+4.3 0.30 £ 0.05 —1.4079 92 0.367915 1.1713
SNIa 735415 031150 —1.527008 0417512 1.35%0 2,
FRBs 70.83¢ 0254023 —1.2771Y 0437027 1.14+1.2

CC+SNIa +FRBs 71.711% 0.30 £0.03 —1.5570%2 0.4170-11 1.42+1 2.

TABLE I. Best-fit values and their 1o errors for the four different cases considered: (a) CC data only, (b) SNIa data only, (¢) FRBs data only,
and (d) joint analysis.

With the best-fit values from the joint analysis (CC+SNIa+FRBs), we can plot relevant quantities that describe the cosmic
evolution at the background level and compare them with those from the ACDM model. Fig. 3 (right) shows the plot of relative
deviation between the Hubble function of CJG and that of the ACDM model, 1 — He e (2)/Hacpm. As can be seen from Fig.3,
H(z) becomes indistinguishable for both models during the past, while it approaches very close values in the present time,
resulting in a very small negative relative difference. In future times, H(z) for CJG becomes smaller than that for the ACDM
model, leading to a positive relative deviation. Conversely, cosmic acceleration is accounted for by the deceleration parameter,
which is depicted in Fig. 4. As can be seen, the best-fit values (black curves) support cosmic deceleration in the future. These
findings are interesting because they present a different behavior compared to the ACDM case (blue line on the left side of Fig.4)
and other types of Chaplygin-like fluids such as NCG, MCG, and GCG, as shown on the right side of Fig.4!. Nevertheless, it is
important to note that the 1o region (gray region in Fig. 4) is relatively large and sufficiently inclusive to also encompass a de
Sitter final fate for the universe. In general, further data and analyses are needed to refine our understanding of the final fate of
the universe.

A complementary analysis is provided by the statefinder parameters r and s, which account for the deviations of the CJG
model from ACDM. In Fig. 5 (left), the trajectory traced by the CJG on the s — r plane is shown, obtained by parametrically

! To plot the deceleration curve for Chaplygin-like models, we used the best-fit values for NCG, MCG, and GCG found in [46]
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FIG. 2. 10 and 20 C.L. curves from the MCMC analysis using the SNIa (Pantheon+), CC, and FRBs datasets, alongside the joint analysis

plotting Eqgs. (27) and (28) with varying z. If the role of DE is played by a cosmological constant, the value of  remains
constant at 7 = 1 throughout the matter-dominated epoch and into the future (for z < 10%). In the s — r plane, the fixed point
{s,r} = {0, 1} corresponds to ACDM case. For CJG case, at past times (z > 0), the (s, r) pair is ~ (0, 1), indistinguishable
from ACDM. However, currently, the parameters are s ~ 0.27 and » ~ 0.2, indicating a deviation of the CJG trajectory from
ACDM. In Fig. 5 (right), the effective EoS parameter w, ¢ ¢ (29) is displayed. The solid-blue and dashed-black lines correspond
to the CJG and ACDM models, respectively. The effective EoS parameter w.s; provides a summary of the combined effects
of various components in the universe. As observed, weg changes during the matter-dominated and dark energy-dominated
epochs, reflecting the dominant component’s EoS parameter at that time. For CJG and ACDM, the effective EoS parameters are
practically indistinguishable in the past. However, around the present epoch, in CJG case, weyy starts to increase and at some
point in the future it becomes positive, indicating cosmic deceleration. This corroborates the late-time behavior of CJG initially
observed from the deceleration parameter (Fig. 4).

VI. CONCLUSIONS AND FINAL REMARKS

We have explored an extension of the Chaplygin EoS, derived from a specific generalization of the Chaplygin inflationary
model within the framework of the Hamilton-Jacobi formalism and elliptic functions [47]. By imposing conditions to obtain
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FIG. 3. Left: Bs — k plane for the joint analysis, alongside the curve Bg = —’% (black dashed curve), separating regions .#5 and /4. Right:
plot of the relative deviation between the Hubble function of CJG and that of the ACDM model, 1 — Hcyg(z)/Hacpm, using the best-fit
parameters.

[
8]

FIG. 4. Deceleration parameter as a function of redshift for the best-fit values found in the joint analysis (CC+SNIa+FRBs) alongside its 1o
region, together with the ACDM case (left) and other Chaplygin-type cases (right).

physical solutions for the energy density, we reduced the parameter space to different sub-regions where the model is free of
singularities within the interval 0 < a < 1, and the density remains always positive. Interestingly, one of these sub-regions
is compatible with the possibility of a new deceleration phase in the future, following the current acceleration. Then, we used
different data samples such as Snla, CC and FRBs to investigate the viability of the CJG cosmological model including radiation
and matter. Constraints on the free parameters we obtained using a statistical MCMC analyses and their error bars are presented
in Table I. Best-fit values for the joint analysis support the cosmic slowing down phenomenon (see Fig. 4) with a maximum of
acceleration at z ~ 0.02, o values such that « + 1 > 0 and negative values for B,. The preference for negative values for
the B, parameter implies a lack of direct correspondence with the GCG. Additionally, the best-fit values result in a cosmology
almost indistinguishable from ACDM in the past, deviating from it only in recent epoch, and diverging from the eternal de Sitter
expansion.

Exploring CJG expands two families of models. Firstly, it increases the number of models within the Chaplygin type family.
Unlike other models in this family, however, CJG allows for a future acceleration-deceleration transition. Secondly, it enlarges
the family of models that predict future deceleration, such as interacting models, w parametrizations, decaying dark matter,
extensions of quintessential cosmology, and others (see, for example, [57, 59, 61, 67], and references therein). Moreover, it has
been observed that a potential future transition to a decelerating stage, thereby naturally ending the eternal accelerating regime, is
significant from a physical perspective [67]. An eternal de Sitter phase disagrees with the requirements of the S-matrix describing
particle interactions and can be problematic within the framework of string theory [104-106]. Nevertheless, until a definitive
answer regarding the final fate of the universe is reached, preferably in a model-independent and completely data-driven way,
the study of DE dynamics, even through phenomenological approaches, is crucial for enhancing our understanding of cosmic
evolution and the future of the universe. Our aim here was to explore the potential of the CJG as a DE model with a final phase
different than the de Sitter. Furthermore, future cosmological data may offer further insights into these intriguing questions.
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FIG. 5. Plots of the trajectory on the s — r plane for the statefinder analysis (left panel) and the evolution of the effective EoS parameter against
z for the CJG cosmological model. For both plots, we have used the best fit parameters
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Appendix A: Sub-region for cosmic slowing down
In this appendix, we present a detailed computation of the condition for having cosmic slowing down of the current accelera-
tion. First, we consider the EoS parameter for the CJG model as a function of redshift

(1- Bk
k(1 — Bs) + (K + Bgk)(1 4 z)—3(1+a)

(1— By)K
(K + Bok)(L,)—-30+e) — (1 — Bk’

w(z)=-1+ + (A1)

Next, we use the change of variable y = p'*® in Eq. (4). The EoS parameter and its derivative as functions of the new variable
are

B,k k' d B,k k'
oy K, dw Bk K (A2)

veT B, dy 2 B,

Considering the y variable, the condition for cosmic deceleration (22) can be written as

dw dw @

E‘Tydz<0' (A3)

For B, < 0, %’ is always negative, so % must be always positive. In other words,

/ —1-3(1+a
% =3(1+ a)B,(1 - By) e ék kﬁ(ﬂki)(f;jl) — ((1 - ;S)k,]Q >0 (A4d)
Then, this last condition reduces to
(1+a)(K'+ Bsk) <0. (AS)
In the case o + 1 > 0, this is valid for By < —&.
For B, > 0, ‘fl—';’ is always positive, and then condition (A4) reduces to
(1+a)1—B,) <0 (A6)

a + 1 < 0, this condition is valid when B, > 1. Therefore , the CJG presents cosmic slowdown in /4, and /.
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